JOURNAL OF CHEMICAL PHYSICS VOLUME 117, NUMBER 5 1 AUGUST 2002

An accurate semiclassical method to predict ground-state
tunneling splittings

Christofer S. Tautermann, Andreas F. Voegele, Thomas Loerting

and Klaus R. Lied®
Institute of General, Inorganic and Theoretical Chemistry, University of Innsbruck, Innrain 52a,
A-6020 Innsbruck, Austria

(Received 4 February 2002; accepted 6 May 2002

A new method for calculating the ground-state tunneling splitting is presented. It is based on the
semiclassical theory including recently derived corrections and it is the first method, which
explicitly takes into account the whole conformational space between the minima and the transition
state. The density-functional theory is used to determine the qualitative shape of the potential energy
surface(PES and high levelb initio calculations provide information about the stationary points.
With a dual level scheme, the low-level energy surface is mapped onto the high-level points to get
a good quantitative description of the high-level PES. Therefore, the new method requires no
adjustment of additional parameters like scaling of the energy barrier as is necessary in other
methods. Once the high-level PES is calculated, the most probable tunneling paths are determined
with a global optimization procedure. Along this representative tunneling path, the tunneling
splitting is calculated with additional consideration of zero-point vibrational effects. The method is
applied to three molecular systems, namely hydrofluoric acid dimer, malonaldehyde, and tropolone.
These systems were chosen because their energy barriers differ sttbrgigl/mol—7 kcal/mal

The predicted tunneling splittings agree very well with the experimental ones, therefore, we expect
our method to be generally applicable, independent of the magnitude of the energy baré602©
American Institute of Physics[DOI: 10.1063/1.1488925

I. INTRODUCTION stationary points of the considered reactiae., the minima

i o . and the transition statencluding the vibrational analysis at
The occurrence of ground-state tunneling splittings is gpage point€:10:152043The most probable tunneling path on

fundamental property of symmetric molecules and systemgs o\ (in the framework of the semiclassical theory called
(i.e., chemical systems undergoing symmetric Conversiongngianton”) is not calculated explicitly, but the tunneling
with symmetric energy barriersaind has been investigated foa1res are expressed in terms of normal frequencies and
both theoretically™*" and experimentally:~* This splitting energy differenceé.Other methods take into account the

emerges in symmetric potential double wells from a smallyinimum energy patfMEP), i.e., the path of lowest poten-
energetic difference of the lowest symmetric and antisyms;y energy connecting the two mininia.

metric wave function due to coherent quantum tunneling o wvever both methods suffer from the neglect of the
(Fig. 1. In the case of a slightly disturbed potential, the ;ontormational space enclosed by the MEP, the so-called re-
tunneling mf_csganlsm changes into an incoherent tunnelingeiion swath. This region is essential for tunneling at low-
mechanisnt’~° As the splitting crucially depends on the temperatures, where the reaction does not follow the MEP

reduced mass along the tunneling path and the reaction bty ynnels through the swath far away from the transition
rier, it is often observed in hydrogen transfer reactions due tQ6.44

the small mass of a proton. Therefore, the understanding of  there is strong evidence that the so called “instanton
the underlying mechanism is important for a thorough inves;athod” works due to error compensation: The tunneling
tigation of the impact of tunneling on hydrogen transfer ré-gjitting of malonaldehyde was calculated with instanton
actions. As these reactions are ubiquitous in the chemistry %eory"o and although the reaction barrier was extremely
biological systems’ there are great efforts toward elucidat- overestimatedlarger than 10 kcal/mol instead of 4.1—4.4
ing these tunneling process€ss even at room temperature, .a/mo)*s the result was in excellent agreement with the
tunnellr)gg_egects are shown to be important in enzymatiGyyperiment, As the tunneling behavior depends strongly on
cat_al_y5|s°f A new approach to determine the tunneling e energy barrier, we think that a cancellation of errors must
splittings gives better insights in tunneling mechanisms angh, e occurred. In other studies, the reaction barrier was even
describes the mechanisms in the low-temperature limit 0§ q1e4 down to a specific value to yield the correct tunneling
chemical reactions. splitting 15

Most of the generally used methods to predict the = pare e propose a new semiclassical method, which
ground-state tunneling splitting take into account the thregy ercomes the aforementioned deficiencies. On the one
hand, we take into account the whole reaction swaid
¥Electronic mail: klaus.liedi@uibk.ac.at therefore, all degrees of freedom relevant for the reagtion
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V(x) is the potential energyn is the mass of the particle,
and w is the so-called impinging frequency.

l The advantage of Eq1) is the improvement of the nu-
L 7 TAl | merical stability for evaluatingd. To apply the WKB for-
A, mula, one has to fit an analytical potential, the numerical
( / f values from the experiment to perform the integration. Now,

the central part—namel$,, can be calculated by numerical
FIG. 1. Symmetric double well potential with ground-state splittingand integration(Gauss quadrature was ugeahd just the correc-
splitting of the first-excited staten(). tion factor A needs a mapping of an analytic potential onto

the experimental values. Therefore, the errors caused by the

mapping procedure are minimized as they only affect the

and on the other hand, we use high-level quantum-chemic@orrection factor, which on its own is very small in compari-
calculations to determine the reaction energetics. First, weon toS,/#.

search for an optimal tunneling path through the reaction
swath connecting the two minima and then the tunnelmgl_ Computation of S , and A

splitting is calculated along this path with improved meth- ] o )
ods. To determineSy, a sufficient number of potential energy

In the results section, the calculated splittings are comvalues along the tunneling path and their distances have to be
pared to experimental values of several molecular system§nown. Experience has shown that 15-20 points along a
namely the hydrofluoric acid dimer, malonaldehyde, andunneling path are normally sufficient to give quite accurate
tropolone. These systems possessing barrier heights from'gsults. The distance between the geometries along the tun-
kcal/mol to more than 7 kcal/mol were chosen to prove theheling path is calculated in mass scaled coordinates and with
reliability of the developed method in different situations, & Procedure developed by Ch&rThe choice of the tunnel-
Very good accordance between the calculated splittings an@9 path, which is crucial for reliable description of tunneling
the experimental values was found, and in all calculations n&ffécts is discussed in Sec. IIB and an accompanying

8 . . .
empirical parameters had to be adjusted, which gives confpape."} When the energy on several sampling points is de-
dence in this newly developed method. termined, one can choose different quadrature procedures as

implemented, e.g. imATLAB “° and therefore the calculation
of Sy is straightforward.
Il. METHODS The determination of the correction factarturns out to
. ) o be a bit more sophisticated as a singularity appears in the
In the following the term “tunneling splitting” is & syn- iniegral. Numerically, it is a big problem to evaluate a sin-
onym for “ground-state tunneling splitting” as this article is g, ar integral. Therefore, we decided to map the potential
only concerned with the splitting of the ground state of thegnergy of the tunneling path onto an analytical potential. As

wave function in symmetric molecular systems. there are three crucial parameters of a double well, i.e., the
A. Improved procedure for the semiclassical height (Vo), the distance of the minima 63, and the cur-
calculation of the tunneling splitting vature at the minimé), we chose a polynomial of the sixth

In a recent study of Gaff a correction of the well degree as the analytical potential of the following shape:

known Wentzel-Kramers—BrillouitWKB) formula for the 1 ) ) 2. 2 )
semiclassical ground-state tunneling splitting is introduced.  Ya(X) = gz (X~ @)"(x+a)"(—8x"+x"xa’+8a"Vy).
Moreover, Garg gives new access to the evaluation of the 2
imaginary action integral, where the integration does noby), variables are in atomic units arlis calculated from the

start at the classical turning points of vibration but at theimpinging frequency according to the relation= w?m.*s

minima of the symmetric double well. This has the advan-,, . LT . .
. S ) . With this convention, it is possible to evaluateanalytically,
tage that the integrand, which is close to a singularity, be b y 4

the lengthy formula is given in Appendix A. We expect the
comes well pehavgd.. Thus the WKB formula for the ground'error due to approximation to be very small as already a
state tunneling splitting becomes reshaped:

polynomial of the order of 4 gives satisfying results if it is
Mmwa? used as analytical surface for double wé&ft§.
A=2ho\—7 e Solfeh, &) Now, both important values from Edql) are theoreti-
o o o cally derived, the last, but very important question is the
where the limits of the action integrd, are the minima  getermination of the tunneling path. The practical implemen-

(+a) of the double well and is the correction factor due to  tation, especially the computational details, including the dis-
the changing of the integration limits cussion about the zero-point vibrations will be discussed

a next.
So= J_a\/(ZmV(x))dx

A:fo V2mV(x) a—X d
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B. Choice of the tunneling path

Mw 1 X The shape of the tunneling path is one of the most im-

portant but difficult questions when dealing with tunneling
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henomena. Ther re vari r h like the z rFIG. 3. Energy profiles at thB3LY P/6-31+ G(d) level of the tunneling
phenomena. €re are various approaches, € the ze %’aths in tropolone in dependence of the parametdf p= 1, the tunneling

small-, and the large-curvature tunneling(LCT) path is equivalent to the MEP, ff=0, the tunneling occurs along the LCT
theories!*>1~%*which try to describe the tunneling behavior path.

in chemical reactions. These theories are applied successfully
to various systems to determine kinetical features of chemi- _ .
cal reactiong®19%-%9Although one can achieve excellent C. Mapping procedures onto high level energy data
agreement between theory and experiment at temperatures Although the density-functional theory has been shown
above about 100 K, these tunneling theories falil if the tem+o yield a reliable and quite accurate description of the po-
perature is too low. The LCT path cuts through the reactiortential energy surfacéPES, we map the PES onto some
swath in a straight line, connecting the branches of the MERenergy points, calculated by high-level methoés.g.,
If the temperature is too low, i.e., the system has very lowcoupled cluster®® By comparing the two barrierdow level
thermal energy and it is not able to climb far up along thewith high leve), we get hold of a scaling factor which is
MEP branches, it has to tunnel through regions of very highused for scaling all other energy points as well. As a verifi-
potential energy, which is unfavorable. On the other hand, itation, a fourth high-level energy point at the highest point
no corner cutting is allowed.e., zero-curvature tunneling of the ridge of the reaction swath is determined and again
the tunneling path is very long, and therefore, the tunnelinggompared to the low-level value. In all investigated systems,
probability will drop. the difference of the two scaling factors is negligible. There-
Our aim now, related to the aim of the instanton thé8ry, fore, the scaling of the low-level energy points to the high-
is to find the tunneling path with the highest tunneling prob-level data and proceeds with the same scaling factor for the
ability (the so-called instantgrfrom one to the other mini- whole PES.
mum. As the tunneling splitting is directly related to the tun- To get the zero-point corrected energy surface, the zero-
neling probability at 0 K, this path also yields the desiredpoint corrections are calculated at various points of the reac-
tunneling splitting. In an accompanying paper, we investi-tion swath. If the vibrational frequencies are determined at
gated the reaction swath of malonaldehyde and searched fapnstationary points, i.e., the gradient is not equal to zero,
the optimal tunneling path with a global optimization proce-the gradient has to be projected out of the Hess matrix prior
dure. It is shown that the optimal tunneling path follows theto diagonalizatior?®%4(One has to bear in mind that there is
MEP for the first few percent of the distance and then theno rigorous criterion for the choice of the direction to project
optimal tunneling path may be described by a linear combiout of the Hess matrix. We chose the gradient direction, but
nation of the MEP and the LCT path. One has to be awar®ne may also use the direction of the tunneling p&tfthese
that due to the curvature of the MEP in many dimensions, theero-point corrections are best determined at some points at
linear combination does not yield a two-dimensional sub-+the ridge of the reaction swath, where the various trial tun-
space, but a manifold covering the whole reaction swathneling paths are highest in energy.
Figure 2 provides the idea of the tunneling paths gained by  With this knowledge, we apply a more sophisticated in-
the linear combining the LCT path and the MEP. A parameteterpolation procedure to take into account the zero-point cor-
p is introduced to describe the tunneling paths in terms ofection along the tunneling paths, which we assume to stay
parts of the LCT path and the MEPe., if p=1, the tunnel-  vibrationally adiabatic over the whole tunneling ran¢eor
ing path follows the MEP, ip=0 the tunneling path follows some reactions and tunneling paths, this assumption may not
the LCT path.! Along these paths the energy profiles arebe valid)®® We make use of the procedure developed by
calculated in dependence pfby quantum chemical means Truhlar et al.®” which was shown to give very reliable re-
(see Fig. 3 and the corresponding tunneling splitting is de- sults. Therefore, the energy of the tunneling paths is interpo-
termined. The path belonging to the largest splitting is chodated twice; first, the whole PES is mapped onto three to four
sen as the representative tunneling trajectory. stationary points, then, the energy is zero-point corrected
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along the various tunneling paths. From this procedure, w@ABLE I. Energy barriers of the various systems. Comparison between

expect to yieId very accurate energies anng the variou 3LYP/6-31+G(d) and high-level methods. For the CCAD? method,
. “the aug-cc-pVDZ basis was applied.
paths, and therefore, accurate values for the transmissiqn

probability. B3LY P/6-31+ G(d) High level
) HF dimer 1.42 kcal/mol 1.01 kcal/nf5l
D. Quantum chemical methods Malonaldehyde 3.84 kcal/mol 4.4 kcal/m@CSD(T)/IMP2)°

Tropolone 6.25 kcal/mol 7.2 kcal/m¢G3(MP2))

In using the low-level method, we applied the density-
functional methodB3LY P with the moderate basis set 3CSOT) indicates coupled-cluster singles and doubles with perturbative
6—31+G(d). In our experience, this method yields energybt”p'es- o ) _ _
barriers quite similar to ones gained by high-level gztga-ct;:a-lgi\;ljsitl.ndlcates Dunnings augmented correlation-consistent double
methods®>®>%%Also, the MEP is determined at this level evp2 indicates Maller—Plesset perturbation theory of second order.
of theory with the algorithm developed by Page and
Mclver®® The stepsize was adjusted for the various systems:

0.025 a.u. for the (HR)system, 0.01 a.u. for malonaldehyde, about 1 kcal/mol, followed by the proton hopping reaction in
and 0.05 a.u. for tropolone. The second derivatives were camalonaldehydésee Fig. 4b)] with about 4 kcal/mol and as
culated each third step for malonaldehyde and tropolone anghe system with the highest barrier, we investigated the hy-
each step for (HR). The computations of the MEP were drogen exchange in tropolofisee Fig. 4c)] with a barrier of
performed with thePoLYRATE program packag® ’* which  more than 7 kcal/mol.

USesGAUSSIAN 982 for the quantum-chemical calculations.

The high-level methods depended on the size of the . ) .
system—mostly, they are well known in literature—but atB- Energetics of the stationary points

leastG3(MP2)"* was applied to our systems. All high-level Table | shows the energy barriers of the various reac-
quantum-chemical calculations were performed withtions. It is clearly shown that the density-functional values
GAUSSIAN 98" are always close to the high-level points, and therefore, we

expect the PES already being described quite well by the
I1l. COMPUTATIONAL IMPLEMENTATION low-level method. The energy profiles along the MEP are

depicted in Fig. 5. All considered reactions show a symmet-

.V'Ve have presented all tools to determine the tunpelmgic double well, which is necessary for the appearance of a
splitting, now we give the procedure for a computatlonalcoherem ground-state tunneling splitting

implementation:

(1) Computation of the stationary points, also at high-level
of theory;

(2) Determination of the MEP; In this section, we present the results of our calculations

(3) Calculation of the zero-point correction at some choserand give a comparison to the experiments. The newly devel-
points on the ridge of the reaction swath and the stationeped method is applied to each system with path parameters
ary points; p=0,0.25,0.5,0.75, and 1 and in the region, where the maxi-

(4) Mapping the low-level surface onto the high-level data;mum of the tunneling splitting is expected, additional paths
and

(5) Search for the optimal zero-point corrected tunneling

C. Tunneling splittings

path and determination of the tunneling splitting. 8 ' . , =
.| Malonaldehyde
IV. RESULTS T i - - Tropolone

A. Selection of molecules il

To test the quality of our newly developed method, we _

chose three different systems with energy barriers in a wide% Al

range. The system with the smallest barrier is the rearrangeg

ment of the hydrofluoric acid dimefsee Fig. 4a)] with st
&
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FIG. 5. Potential energy curves of the three considered reactions. Due to
FIG. 4. Chosen molecular systenta) hydrofluoric acid dimer(b) malonal- evaluate the general applicability of the method, systems with different bar-
dehyde, andc) tropolone. rier heights were chosen.
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FIG. 6. Symmetric (HF) rearrangement. H H H H
FIG. 8. Proton tunneling in malonaldehyde.
with other p values are computed. For each system, a de-
tailed discussion will be presented concerning the choice of
the tunneling path. MEP and even at these very low-temperatures, LCT is not
the preferred mechanism. Details about the tunneling path
o ) o ~can be found in an accompanying artitfeThe determined
The rearrangement within the hydrofluoric acid dimer IStunneling splitting agrees very well with the experimental
depicted in Fig. 6. The energetics of the reaction is describeghg|122.27 (see Fig. 9and the importance of high-level data

by a symmetric double well with a barrier of 1.01 kcal/mol js again emphasized: The uncorrected curve overestimates

(see Table I and Fig.)5The tunneling splitting in depen- e tynneling splitting becaus@3LY P underestimates the
dence ofp is shown in Fig. 7. It is clearly seen, that the pgrier height(see Table )L

choice of the tunneling path influences the tunneling splitting

tremendously. The splitting along the LCT path reveals to be

40 orders in magnitude smaller than the splitting along thes. Proton tunneling in tropolone
path withp=0.85. This shows that the real tunneling path in
the low-temperature limit is surprisingly close to the MEP.
The tunneling splitting of this reaction was subject of inves-
tigations by Hancoclet al,”* who also found quite reason-
able tunneling splittings with a tunneling path near the ME

1. (HF) , rearrangement

The reaction(see Fig. 10 is somehow similar to the
proton tunneling in malonaldehyde as the proton hops be-
tween two carbon bound oxygens. The higher barrier of 7.2
I:,kcallmol at theG3(MP2) level of theory may be explained
[in the framework of the small curvature approximatibf? by a stramgd transition s_tate as it co_n_5|sts of a five-

membered ring. In comparison, the transition state of mal-

As is seen from Fig. 7, the two corrections of the PES’onaIdeh de contains a six-membered ring which is more re-
namely the high-level and zero-point correction, are ex-l. dqf y trai IAI I‘;(h ith h 'r?\ﬁl' II thod
tremely important as the tunneling splitting is strongly un- ieved from strain. Also with with another nign-ievel method,

derestimated with the uncorrected PES. The calculated turp_amely_the m_ult|co§ff|c!ent correlatu_)n mEIhOd based on
uadratic configuration interaction with single and double

neling splitting meets the experimental values of Quack an&1 o - . .
Suhn%S v[\)/ell g P Q excitationd’ a similar high barrier(7.7 kcal/mo) was ob-

tained. The good agreement between the two methods en-
sures the use of accurate barrier heights. The optimal tunnel-
ing path is again very close to the MEP. Although a proton

The considered reaction is depicted in Fig. 8. The barriemoves between two much heavier atoms, one can therefore
within this reaction amounts to 4.4 kcal/mol, which is morenot conclude a LCT behavior. Again, the experimental
than four times larger than in the (HfFpystem. Again, the valueé’! is met very well by the calculations with the high-
most probable tunneling path lies with=0.8 close to the |evel PES and the zero-point correctidisee Fig. 11

2. Proton tunneling in malonaldehyde

10 experimental value

experimental value - \

Zero-point and high-
level corrected method
B3LYP- msthod without
zera—point correction

B3LYP-method without -
P 2zero-point correction 4 Pa

Zero—point and high—
level corrected method

10 P
’ »
e
4
10"’0 1 1 L 1 1 1 L 1 1
0 01 02 03 04 05 06 07 08 09 1 10° . \ ‘ ‘ . . . . .
LCT-path P (path parameter) MEP 0 01 02 03 04 05 06 07 08 09 1

LCT—path p {path parameter) MEP
FIG. 7. The calculated tunneling splitting in the hydrofluoric acid dimer is
strongly dependent on the choice of the tunneling path. In addition, there i§IG. 9. Tunneling splitting in malonaldehyde. The splitting is strongly de-
a strong influence on the splitting of high-level corrections. The optimalpendent on the choice of the tunneling path. The optimal path was found at
tunneling path was found at abopt=0.85 and the determined tunneling ap value of about 0.8. Again a good agreement with the experfth&was
splitting agrees very well with experimental valusgee Ref. 76 found.
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/H tunneling splitting of the calpd]arene was investigated theo-
Q H o retically with the instanton methd. The barrier was deter-
o mined at theB3LY P level of theory, which is in our opinion
o) -
not sufficiently accurate, therefore, we assume that the result
= of Fernadez-Ramoset al®" which is close to experiment

suffers from an error compensation.

VI. CONCLUSIONS

We have developed a new semiclassical method to pre-
dict the ground-state tunneling splitting of molecular sys-
V. DISCUSSION tems. In the framework of the semiclassical theory, the tun-
In all three cases, the calculations are very well Con_neling _§plitting is directly related to the transmission
' robability at O K. Therefore, we have searched for the most

firmed by the experiments. As we chose three molecular Sygrobable tunneling path from minimum to minimum in each

tems with rather different barriers, we expect our method tcjs)ystem on a PES which is interpolated to high-level data and
yield reliable results for a wide range of symmetrical sys-

zero-point corrected. These paths have been found to lie sur-

tems. One feature which has to be pointed out is that there 'Srisingly close to the MEP for all systems investigafed.

no empirical parameter to be set or any vibration to be cho—HF
. : ) . , malonaldehyde, and tropoloh&lthough at least for
sen as it has to be done in the conventional instanton theor( )2 Y poloh 9

X o Yl’opolone and malonaldehyde, a strong contribution of LCT
The newly developed method relies only aln initio energy was expected as a proton tunnels between fwaich
values and second derivatives. Therefore, there is no possf'feavie) oxygen atoms. The systems were chosen due to sig-

bility for arbitrary changes to fit the computational rEzsunsnificantly different barriers to prove that the method works
better to the experimental ones. This leads to the disadva?-

tage that the PES has to be known at a reliable level o0r all different barrier heights.

theory. Even small errors in the reaction barrier may have For the evaluation of the tunneling splitting, we have
Y- y employed a newly derived formula by Gafwhich circum-

strong effects on the computed tunneling splitting. This is th(?/ents the problems of the singularities in the semiclassical

on!y Ii.mit for the ap_plic_ation of the mgthod, as one cru_cial wave function if the momentum approaches zero. In addi-
point is the determination of the stationary points at hIgh'tion a small correction factor appears, which can be handled
level of theory. One desires at least to compute the barrier ' o L )

; : n roximation of th ntial with lynomial of
aCBS®or G3(MP2)"level and this may just be affordable By an approximation of the potential with a polynomial o

for molecular systems with 10-20 heavy atoms. From th sixth order. The calculated tunneling splittings agreed very

other point of view, the experimental determination of the ell with the experiment for all three systems.
P ) P oo All'in all, our new method proved to be a valuable mean
tunneling splitting is sometimes a very difficult task and so

; . to predict ground-state tunneling splittings without adjusting
there are just a handful of molecular systems for which the o ;

. any parameters empirically. Therefore, it may be seen as an
splitting is well known?22426-28.31.33.76.79.8Qacently, the yp P Y y

. S . . ab initio method which derives low-temperature properties
tunneling splitting for calikd]arene was determined P brop

: 3 ) o ; . very accurately. The limiting factor is the determination of
experimentally’ but this system is still too big to derive the the barrier height at high-level of theory, as these methods

reaction barrier at a high level of theory. Nevertheless, th%sually cannot handle more than 10—20 heavy atoms by now.

FIG. 10. Proton tunneling in tropolone.
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APPENDIX: ANALYTICAL DETERMINATION OF THE
CORRECTION FACTOR A

Zero—point and high
level corrected method

In the article by Gard® A is defined as
Mo 1

A:fo v2mV(x) a—X

As V is not known analytically, it is not possible to derive the
0 0T 03 oa o5 o8 07 o8 o3 upper integral exagtly as a smgularlw arises. Therefor_e, we
P (path parameter) decided to approximate the potential double well with a
FIG. 11. Tunneling splitting in tropolone. The optimal path was found at pOIynomI_al of prder 6, due to taking I_nto account the_a,ccu-
p=0.8. The experimental valtk (3x10°s 1) was met very well (4 rate barrier height\(y), the accurate distance of the minima

X100 571y, (2a), and the accurate curvature in the minima in direction

dx.
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of the tunneling path(x), where accurate refers to ted  Therefore, the main contribution to the tunneling splitting,
initio values. The polynomial which fits the aforementionedi.e., S; is calculated with the nonapproximated energy curve
parameters is and the approximation just affects the correction fador
which has revealed to be small in comparisorsids .

Now, A can be computed analytically with the help of
the symbolic mathematics packageprLE® as the integra-
tion is a nontrivial task

K VO K VO
4V y+ —2\/2 —48.4 4Vy+ —2\/2 —48.4
a a \/70 i a a
- \/ —ZVkin| —
a5 a4 5

a

1
V,(X)= Q(x— a)2(x+a)?(—8x%+x%ka’+8a%V,).

V
a—jx/;In

K V K K K
—2|n(2)\/V—O\/;—Ina—:\/V_O —+In 2>\/v_0 2—In(a)\/V—O\ﬁ
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With this analytical expression, we are able to compAitéespite the problems with the singularities.
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